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A PROPERTY THAT CHARACTERIZES EULER
CHARACTERISTIC AMONG INVARIANTS OF
COMBINATORIAL MANIFOLDS
LI YU
Abstract. If a real value invariant of compact combinatorial man-
ifolds (with or without boundary) depends only on the number of
simplices in each dimension on the manifold, then the invariant
is completely determined by Euler characteristics of the manifold
and its boundary. So essentially, Euler characteristic is the unique
invariant of this type.
1. Introduction
Theorem 1.1 (Roberts 2002, [1]). Any linear combination of the num-
bers of simplices which is an invariant of closed combinatorial manifolds
must be proportional to the Euler characteristic.
Then it is natural to ask the following:
Question 1: Can we find any new invariants of comibnatorial man-
ifolds independent from Euler characteristic among nonlinear functions
on the numbers of simplices of the manifold?
Theorem 1.2 (Pachner 1986, [2]). Two closed combinatorial n-manifolds
are PL- homeomorphic if and only if it is possible to move between their
triangulations using a sequence of bistellar moves (Pachner moves) and
simplicial isomorphisms.
Theorem 1.3 (Pachner 1991, [3]). Two connected combinatorial n-
manifolds with non-empty boundary are PL-homeomorphic if and only
if they are related by a sequence of elementary shellings, inverse shellings
and a simplicial isomorphism.
Here, PL is an abbreviation for piecewise linear. Pachner’s theorems
suggest that we can look for quantities invariant under the bistellar
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moves and elementary shellings so as to obtain invariants of combi-
natorial manifolds under PL isomorphisms. However, we will give a
negative answer to Question 1 by showing the following.
Theorem 1.4. Suppose Φ is a real value invariant of closed combi-
natorial manifolds (under PL isomorphisms) that only depends on the
number of simplices in each dimension on the manifold. If two closed
combinatorial n-manifolds (Mn1 , ξ1) and (M
n
2 , ξ2) have the same Euler
characteristic, Φ(Mn1 , ξ1) = Φ(M
n
2 , ξ2).
So essentially there is a unique PL-invariant of closed combinatorial
manifolds whose value depends only on the number of simplices in the
manifold —– Euler characteristic. And since we have combinatorial
manifolds with the same dimension and Euler characteristic but differ-
ent rational Pontryagin numbers, so there could not be any formulae
for rational Pontryagin numbers that depend only on the number of
simplices in a combinatorial manifold. Furthermore, Theorem 1.4 can
be extended to combinatorial manifolds with nonempty boundaries as
following.
Theorem 1.5. Suppose Φ is a real value invariant of compact combi-
natorial manifolds (under PL isomorphisms) that only depends on the
number of simplices in each dimension on the manifold. If two com-
pact combinatorial n-manifolds (Mn1 , ξ1) and (M
n
2 , ξ2) with nonempty
boundary have the same Euler characteristic χ(Mn1 ) = χ(M
n
2 ) and
χ(∂Mn1 ) = χ(∂M
n
2 ), then Φ(M
n
1 , ξ1) = Φ(M
n
2 , ξ2).
Remark 1.6. A real value invariant Φ of closed combinatorial mani-
folds as in Theorem 1.4 may not admit any local formula (see [8]). So
the results in this paper and the results in [8] are not overlapping.
The paper is organized as follows. In Section 2, we briefly discuss
some basic properties of f -vectors of combinatorial manifolds and un-
derstand the change of the f -vectors under bistellar moves and elemen-
tary shellings. Then in Section 3 and Section 4, we present a proof of
Theorem 1.4 and Theorem 1.5 respectively.
2. Dehn-Sommerville Equations, Bistellar move and
Elementary shelling
We first recall some definitions in combinatorial topology (see [6]
and [7]).
3For a topological n-manifold Mn, let Ξ(Mn) be the set of all isomor-
phism classes of combinatorial structures on Mn. For any ξ ∈ Ξ(Mn),
(Mn, ξ) is called a combinatorial manifold. In this paper, we only con-
sider those manifolds which admit combinatorial manifold structures.
If Mn has nonempty boundary, then we use (∂Mn, ∂ξ) to denote the
restriction of ξ on ∂Mn.
Let fk(M
n, ξ) be the number of k-simplices in ξ. We call the following
integral vector f-vector of the combinatorial manifold (Mn, ξ).
f(Mn, ξ) = (f0(M
n, ξ), · · · , fn(M
n, ξ)) ∈ Zn+1+
In addition, we define f−1(M
n, ξ) := 1
2
χ(Mn), where χ(Mn) is the
Euler characteristic of Mn.
Following are some well-known facts on the f -vectors of combinato-
rial manifolds (see [5] and [6]).
Theorem 2.1 (Dehn-Sommerville Equations). Suppose (Mn, ξ) is an
n-dimensional closed combinatorial manifold. Then we have
fi(M
n, ξ) =
n∑
j=i
(−1)n−j
(
j + 1
i+ 1
)
· fj(M
n, ξ), −1 ≤ i ≤ n (1)
If (Mn, ξ) is an n-dimensional compact combinatorial manifold with
boundary, we have:
fi(M
n, ξ)− fi(∂M
n, ∂ξ) =
n∑
j=i
(−1)n−j
(
j + 1
i+ 1
)
· fj(M
n, ξ) (2)
Note that setting k = −1, Dehn-Sommerville Equation (1) yields
the Euler formula for Mn. So when two closed combinatorial mani-
folds have the same Euler characteristic, their f -vectors are solutions
of exactly the same system of Dehn-Sommerville equations.
Corollary 2.2. Suppose (Mn, ξ) is an n-dimensional closed combina-
torial manifold, then f[n+1
2
](M
n, ξ), · · · , fn(M
n, ξ) are completely de-
cided by f−1(M
n, ξ), f0(M
n, ξ), · · · , f[n−1
2
](M
n, ξ). Indeed, there are
some universal constant qij ∈ Z such that
fi(M
n, ξ) =
[n−1
2
]∑
j=−1
qijfj(M
n, ξ),
[
n + 1
2
]
≤ i ≤ n
Proof. The proof is parallel to that for the boundary of simplicial poly-
topes (see [6] chapter 17 for details). 
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Figure 1. Bistellar moves in dimension 2
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Figure 2. Bistellar moves in dimension 3
Corollary 2.3. Suppose (Mn, ξ) is an n-dimensional combinatorial
manifold with boundary, then each
fi(M
n, ξ)−
1
2
fi(∂M
n, ∂ξ),
[
n + 1
2
]
≤ i ≤ n
is completely decided by the [n+1
2
] numbers:
fj(M
n, ξ)−
1
2
fj(∂M
n, ∂ξ), −1 ≤ j ≤
[
n− 1
2
]
.
Proof. Notice that fi(M
n, ξ) − 1
2
fi(∂M
n, ∂ξ) = 1
2
fi(DM
n, Dξ) where
(DMn, Dξ) is the gluing of two copy of (Mn, ξ) along their boundaries.
Then the result here follows from Corollary 2.2 above. 
Definition 2.4. Let (Mn, ξ) be a combinatorial n-manifold and σ ∈ ξ
an (n − i)-simplex (0 ≤ i ≤ n) such that its link in ξ is the boundary
∂τ of an i-simplex τ that is not a face of ξ. Then the operation
T n,iσ,τ (ξ) := (ξ\(σ ∗ ∂τ)) ∪ (∂σ ∗ τ)
is called an n-dimensional bistellar i-move (or Pachner move).
Bistellar i-moves with i ≥ [n
2
] is also called reverse bistellar (n − i)-
move. See Figure (1) and Figure (2).
Definition 2.5. Suppose that σ and τ are simplexes of a combinatorial
n-manifold Mn with boundary which satisfy:
(1) the join σ ∗ τ is an n-simplex of Mn;
(2) τ ∩ ∂Mn = ∂τ and σ ∗ ∂τ ⊂ ∂Mn.
Then the manifold obtained from Mn by the elementary shelling
Sn,iσ,τ from σ is the closure of M\(σ ∗ τ), denoted by S
n,i
σ,τ (M
n). And
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Figure 3. Elementary 0-shelling in dimension 3
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Figure 5. Elementary 2-shelling in dimension 3
we call Sn,iσ,τ an n-dimensional elementary i-shelling where i = dim(σ)
(note that 0 ≤ i ≤ n− 1).
Notice that on the boundary, ∂Sn,iσ,τ (M
n) and ∂Mn are related by an
(n− 1)-dimensional bistellar (n− 1 − i)-move (See Figure 3, Figure 4
and Figure 5 for the 3-dimensional pictures).
Suppose T n,i is a bistellar i-move on (Mn, ξ), let T n,i(ξ) be the com-
binatorial structure on Mn after the move. Then it is easy to see
fk(M
n, T n,i(ξ)) = fk(M
n, ξ) + dk,i,
where dk,i =
(
n+1−i
k−i
)
−
(
i+1
n+1−k
)
. It is easy to see that:
dk,n−i = −dk,i, ∀ 0 ≤ i, k ≤ n (3)
If 2i = n, dk,i = 0, ∀ 0 ≤ k ≤ n (4)
Definition 2.6. Let di = (d0,i, · · · , dn,i) ∈ Z
n+1
+ . For any element
f ∈ Zn+1+ , the operation β
i(f) = f + di is called a virtual i-move in
Z
n+1
+ .
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Lemma 2.7. For two closed combinatorial n-manifolds (Mn1 , ξ1) and
(Mn2 , ξ2), if χ(M
n
1 ) = χ(M
n
2 ), then there exists a finite sequence of
virtual i-moves in Zn+1+ (0 ≤ i ≤ n) which turn f(M
n
1 , ξ1) to f(M
n
2 , ξ2).
Proof. It amounts to find (m0, · · · , mn) ∈ Z
n+1 such that
n∑
i=0
mi · dk,i = fk(M
n
2 , ξ2)− fk(M
n
1 , ξ1), ∀ 0 ≤ k ≤ n (5)
By Equation (3), dk,n−i = −dk,i, so we have
[n−1
2
]∑
i=0
(mi −mn−i) · dk,i = fk(M
n
2 , ξ2)− fk(M
n
1 , ξ1), ∀ 0 ≤ k ≤ n (6)
When χ(Mn1 ) = χ(M
n
2 ), by Corollary 2.2, the f -vector f(M
n
1 , ξ) is de-
cided by f0(M
n
1 , ξ), · · · , f[n−1
2
](M
n
1 , ξ) exactly the same way as f(M
n
2 , ξ)
is decided by f0(M
n
2 , ξ), · · · , f[n−1
2
](M
n
2 , ξ). In addition, since the con-
strain defined by each Dehn-Sommerville equation on Zn+1+ is invariant
under any virtual moves (see [2]), the solution to above system (6) of
n+1 linear equations is the same as the solution to the [n−1
2
]+1 = [n+1
2
]
linear equations:
[n−1
2
]∑
i=0
(mi−mn−i) · dk,i = fk(M
n
2 , ξ2)− fk(M
n
1 , ξ1), ∀ 0 ≤ k ≤
[
n− 1
2
]
.
(7)
Notice when 0 ≤ i ≤ [n−1
2
], 0 ≤ k ≤ [n−1
2
], dk,i =
(
n+1−i
k−i
)
. So
• if k < i, dk,i = 0.
• if k = i, di,i = 1.
The square integral matrix (dk,i)0≤k,i≤[n−1
2
] is invertible over Z. So the
above system of [n+1
2
] linear equations (7) has a unique solution, de-
noted by x0, · · · , x[n−1
2
]. Then (x0, · · · , x[n−1
2
], 0, · · · , 0) is a solution of
Equation (5). Obviously, applying |xi| times virtual i-moves (or (n−i)-
moves if xi < 0) for all 0 ≤ i ≤ n to f(M
n
1 , ξ1) in Z
n+1
+ will turn it to
f(Mn2 , ξ2). 
Remark 2.8. The solution to Equation (5) is not unique since adding
the same integer tomi andmn−i simultaneously in a solution (m0, · · · , mn)
of Equation (5) will give a new solution. But here we only need the
existence of the solution.
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Figure 6. A construction of K2
3. Proof of Theorem 1.4
First, we introduce a special kind of PL disks in each dimension
which will be used as an auxiliary tool in our argument later.
Lemma 3.1. For any n ≥ 1, there exists a PL n-disk Kn such that:
(1) ∂Kn is isomorphic to the boundary of an n-simplex.
(2) for any 0 ≤ i ≤ n, there exists a bistellar i-move T n,i in Kn
which does not cause any changes to the star of any vertex on
∂Kn.
Proof. For each 0 ≤ i ≤ n, let ∆i be a simplex of dimension i and
let Jni = ∆
n−i ∗ ∂∆i. Suppose ∆˜n1 , ∆˜
n
2 are two n-simplices such that
∆˜n2 is contained in the interior of ∆˜
n
1 . Next, we put each J
n
i inside ∆˜
n
2
such that they do not intersect. By making up some new simplices
and adding some new vertices inside ∆n2 if necessary, we get a PL
n-disk Kn (see Figure 6 for a construction of K2). The subdivision
in ∆˜n1 − (∆˜
n
2 )
◦ is canonical such that the triangulations on ∂∆˜n1 and
∂∆˜n2 are not changed. So ∂K
n is isomorphic to the boundary of an
n-simplex.
Obviously, there is a bistellar i-move T n,i (replaceing Jni by ∂∆
n−i ∗
∆i) associated to each Jni inside ∆
n
2 . And T
n,i does not change the the
star of any vertex on ∂Kn = ∂∆˜n1 . 
Note that our construction of Kn is far from unique. Here, we only
need to choose one such Kn in each dimension n. We call Kn the
plump n-cell .
Lemma 3.2. For two closed combinatorial n-manifolds (Mn1 , ξ1) and
(Mn2 , ξ2), if χ(M
n
1 ) = χ(M
n
2 ), then there exists a combinatorial mani-
fold structure ξ∗i onM
n
i (i = 1, 2) such that (M
n
i , ξ
∗
i ) is PL-homeomorphic
to (Mni , ξi) and f(M
n
1 , ξ
∗
1) = f(M
n
2 , ξ
∗
2).
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Proof. First of all, by the Lemma 2.7, there exist finite number of
virtual moves in Zn+1+ which turn f(M
n
1 , ξ1) to f(M
n
2 , ξ2). Suppose the
total number of virtual moves used is N . But it is not clear whether we
can find N bistellar moves on (Mn1 , ξ1) that realize these virtual moves
on its f -vector.
To solve the problem, we can first apply the same number of bistellar
0-moves on ξ1 and ξ2 so that the new triangulations ξ
′
1, ξ
′
2 each contains
more than N n-simplices. Then we choose arbitrary N n-simplices in
ξ′1 and ξ
′
2 respectively and subdivide each of the N n-simplices into the
plump cell Kn (see Lemma 4.1). Denote the resulting combinatorial
structure on Mni by ξ
′′
i (i = 1, 2). Notice
f(Mn2 , ξ
′′
2)− f(M
n
1 , ξ
′′
1 ) = f(M
n
2 , ξ2)− f(M
n
1 , ξ1).
So we need exactly the same number and type of virtual moves in Zn+1+
to turn f(Mn1 , ξ
′′
1) to f(M
n
2 , ξ
′′
2) as we turn f(M
n
1 , ξ1) to f(M
n
2 , ξ2). Now,
each of the N plump cells in Mni contains a bistellar move of all types,
so we can realize those N virtual moves on f(Mn1 , ξ
′′
1 ) in Z
n+1
+ by N
bistellar moves on the triangulation. In the end, we get a combinatorial
structure ξ∗1 on M
n
1 with f(M
n
1 , ξ
∗
1) = f(M
n
2 , ξ
′′
2 ). Set ξ
∗
2 = ξ
′′
2 , obviously
(Mni , ξ
∗
i ) is PL-homeomorphic to (M
n
i , ξi), i = 1, 2. So we are done. 
Proof of Theorem 1.4: By the assumption, χ(Mn1 ) = χ(M
n
2 ),
so by Lemma 3.2, we can assume f(Mn1 , ξ1) = f(M
n
2 , ξ2). Since the
invariant Φ depends only on the f -vector of a combinatorial manifold,
then Φ(Mn1 , ξ1) = Φ(M
n
2 , ξ2). 
4. Proof of Theorem 1.5
We first construct a special PL n-disk associated to the plump (n−
1)-cell Kn−1 in each dimension n ≥ 2. It will be useful later in our
argument.
Lemma 4.1. For any n ≥ 2, there exists a PL n-disk Un such that:
(1) the boundary of Un is isomorphic to a PL (n − 1)-sphere that
is got from subdividing an (n−1)-face on the boundary of an n-
simplex into a plump cell Kn−1. We denote the PL (n−1)-disk
on ∂Un which is isomorphic to a Kn−1 by Zn−1.
(2) for any 0 ≤ i ≤ n−1, there exists an n-dimensional elementary
(n − 1 − i)-shelling Sn,n−1−i on Un which induces the bistellar
i-move T n−1,i in Zn−1 ∼= Kn−1, and Sn,n−1−i does not cause any
changes to the star of any vertex in ∂Un − (Zn−1)◦
91
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Figure 7. A construction of Un for n = 3
Proof. Let ∆i be a simplex of dimension i and Eni = ∆
n−1−i ∗∆i is an
n-simplex. Let Jn−1i = ∆
n−1−i ∗∂∆i ⊂ ∂Eni for each 0 ≤ i ≤ n−1. On
the other hand, suppose ∆˜n1 , ∆˜
n
2 are two n-simplices and ∆˜
n−1
1 , ∆˜
n−1
2
is an (n − 1)-face of ∆˜n1 , ∆˜
n
2 respectively. We can put ∆˜
n
2 in ∆˜
n
1 such
that ∆˜n2 ∩∂∆˜
n
1 = ∆˜
n−1
2 ⊂ ∆˜
n−1
1 . Next, we put each E
n
i in ∆˜
n
2 such that
Eni ∩ ∂∆˜
n
2 = J
n−1
i ⊂ ∆˜
n−1
2 and E
n
i ∩ E
n
i′ = ∅ (see Figure 7).
Now, by making up some new faces and vertices in ∆˜n1 − ∪iE
n
i if
necessary, we can subdivide ∆˜n1 into a PL n-disk U
n such that: on the
(n−1)-face ∆˜n−11 , the subdivision turns it into a PL (n−1)-disk Z
n−1
that is isomorphic to the plump (n − 1)-cell Kn−1 (see Lemma 4.1),
and all other (n− 1)-faces of ∂∆˜n1 are not subdivided.
Obviously, the elementary (n− 1− i)-shelling Sn,n−1−i associated to
Eni induces the (n− 1)-dimensional bistellar i-move T
n−1,i on Zn−1 ∼=
Kn−1. And by our construction, the elementary shelling Sn,n−1−i only
changes the stars of the vertices on ∂Un that lie in (Zn−1)◦ (the interior
of Zn−1). 
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Figure 8. Star subdivisions of ∆n along a face, n = 2, 3
Such a Un is called a mold n-cell . Of course, mold n-cells are
not unique. Here, we only need to choose a mold n-cell Un for each
dimension n ≥ 2.
Definition 4.2. given an n-simplex ∆n and an (n − 1)-face F n−1 of
∆n, we first do an (n−1)-dimensional bistellar 0-move to F n−1 on ∂∆n,
the boundary of ∆n becomes a PL (n− 1)-sphere Ln−1. Then we add
a new vertex v0 in the interior of ∆
n and take v0∗L
n−1. The PL n-disk
v0 ∗L
n−1 is called a star subdivision of ∆n along a face F n−1 (see
Figure 8 for examples).
Definition 4.3. An n-simplex ∆n in a combinatorial n-manifold with
boundary (Mn, ξ) is called exposed if there exists some (n − 1)-face
of ∆n lying on ∂Mn. ∆n is called one-face-exposed if ∆n ∩ ∂Mn is
exactly one (n− 1)-face of ∆n.
Note that if we do a star subdivision of an exposed n-simplex ∆n
in (Mn, ξ) along an (n− 1)-face of ∆n ∩ ∂Mn, we will produce n new
one-face-exposed n-simplices for Mn. (see Figure 8).
Lemma 4.4. For two combinatorial n-manifolds with boundary (Mn1 , ξ1)
and (Mn2 , ξ2), if χ(∂M
n
1 ) = χ(∂M
n
2 ), then there exists a combinato-
rial manifold structure ξ∗i on M
n
i (i = 1, 2) such that (M
n
i , ξ
∗
i ) is PL-
homeomorphic to (Mni , ξi) and f(∂M
n
1 , ∂ξ
∗
1) = f(∂M
n
2 , ∂ξ
∗
2).
Proof. Since χ(∂Mn1 ) = χ(∂M
n
2 ), by Lemma 2.7, there exists a se-
quence ofN virtual moves in Zn+ which turn f(∂M
n
1 , ∂ξ1) to f(∂M
n
2 , ∂ξ2).
But it is not clear whether we can realize these N virtual moves on
f(∂Mn1 , ∂ξ1) in Z
n
+ by N bistellar moves on (∂M
n
1 , ∂ξ1) induced from
elementary shellings in (Mn1 , ξ1). Similar to the proof of Lemma 3.2,
we can get around this problem by the following steps:
(1) By applying the same number of star subdivisions in some ex-
posed n-simplices of (Mni , ξi) (i = 1, 2) along their (n−1)-faces
on ∂Mni , we can assume that each (M
n
i , ξi) has more than N
one-face-exposed n-simplices. Note that this process will not
11
change the difference f(∂Mn2 , ∂ξ2) − f(∂M
n
1 , ∂ξ1). So the vir-
tual moves in Zn+ needed to turn f(∂M
n
1 , ∂ξ1) to f(∂M
n
2 , ∂ξ2)
remain the same as before.
(2) Choose N one-face-exposed n-simplices ∆˜n1 , · · · , ∆˜
n
N in (M
n
1 , ξ1)
and turn each ∆˜nj into a mold cell U
n
j such that U
n
j ∩ ∂M
n
1 =
Zn−1j
∼= Kn−1. At the same time, we do the exactly same
operations on N one-face-exposed n-simplices in (Mn2 , ξ2). The
new combinatorial manifold structure on Mni we get is denoted
by ξ′i (i = 1, 2). It is easy to see:
(a) f(∂Mn2 , ∂ξ
′
2)− f(∂M
n
1 , ∂ξ
′
1) = f(∂M
n
2 , ∂ξ2)− f(∂M
n
1 , ∂ξ1);
(b) on the boundary, each (∂Mni , ∂ξ
′
i) contains N plump (n−
1)-cells;
(3) By (2)(a), we need exactly the same number and type of virtual
moves in Zn+ to turn f(∂M
n
1 , ∂ξ
′
1) to f(∂M
n
2 , ∂ξ
′
2) as we use to
turn f(∂Mn1 , ∂ξ1) to f(∂M
n
2 , ∂ξ2). And for each virtual i-move
used, we can do an elementary (n−1−i)-shelling in a mold n-cell
of (Mn1 , ξ
′
1) which induces a bistellar i-move in a plump (n−1)-
cell on (∂Mn1 , ∂ξ
′
1). In the end, we get a new combinatorial
structure ξ∗1 on M
n
1 with f(∂M
n
1 , ∂ξ
∗
1) = f(∂M
n
2 , ∂ξ
′
2).
Let ξ∗2 = ξ
′
2, obviously (M
n
i , ξ
∗
i ) is PL-homeomorphic to (M
n
i , ξi), i =
1, 2. So we are done. 
Lemma 4.5. For two combinatorial n-manifolds with boundary (Mn1 , ξ1)
and (Mn2 , ξ2), if χ(M
n
1 ) = χ(M
n
2 ) and χ(∂M
n
1 ) = χ(∂M
n
2 ), then there
exists a combinatorial manifold structure ξ∗i on M
n
i (i = 1, 2) such that
(Mni , ξ
∗
i ) is PL-homeomorphic to (M
n
i , ξi) and f(M
n
1 , ξ
∗
1) = f(M
n
2 , ξ
∗
2)
and f(∂Mn1 , ∂ξ
∗
1) = f(∂M
n
2 , ∂ξ
∗
2).
Proof. First of all, since χ(∂Mn1 ) = χ(∂M
n
2 ), by Lemma 4.4, we can
assume that f(∂Mn1 , ∂ξ1) = f(∂M
n
2 , ∂ξ2). Secondly, χ(M
n
1 ) = χ(M
n
2 )
and χ(∂Mn1 ) = χ(∂M
n
2 ) imply that
f−1(M
n
1 , ξ1)−
1
2
f−1(∂M
n
1 , ∂ξ1) = f−1(M
n
2 , ξ2)−
1
2
f−1(∂M
n
2 , ∂ξ2)
Let f̂(Mni , ξi) := f(M
n
i , ξi)−
1
2
f(∂Mni , ∂ξi),
and χ̂(Mni ) = f−1(M
n
i , ξi)−
1
2
f−1(∂M
n
i , ∂ξi), i = 1, 2.
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Then by Corollary 2.3, the parallel statements of Lemma 2.7 and
Lemma 3.2 still hold if we replace
χ(Mn) −→ χ̂(Mni )
f(Mni , ξi) −→ f̂(M
n
i , ξi)
Therefore, we can find a combinatorial manifold structure ξ∗i on M
n
i
(i = 1, 2) such that (Mni , ξ
∗
i ) is PL-homeomorphic to (M
n
i , ξi) and
f̂(Mn1 , ξ
∗
1) = f̂(M
n
2 , ξ
∗
2). Notice that the subdivisions and bistellar
moves involved in our parallel proof for f̂(Mni , ξi) here are done in
the interior of Mn1 and M
n
2 . So the combinatorial structure ξi on ∂M
n
i
(i = 1, 2) is not changed, i.e. (∂Mni , ∂ξ
∗
i ) = (∂M
n
i , ∂ξi). So we have
f(∂Mn1 , ∂ξ
∗
1) = f(∂M
n
2 , ∂ξ
∗
2), and then f(M
n
1 , ξ
∗
1) = f(M
n
2 , ξ
∗
2). 
Proof of Theorem 1.5: By the assumptions in the theorem and
Lemma 4.5 above, we can assume f(Mn1 , ξ1) = f(M
n
2 , ξ2). Since the
invariant Φ depends only on the f -vector of a combinatorial manifold,
then Φ(Mn1 , ξ1) = Φ(M
n
2 , ξ2). 
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